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Abstract. Resonance fluorescence, consisting of light emission from an atom driven
by a classical oscillating field, is well-known to yield a sub-Poissonian photon counting
statistics. This occurs when only emitted light is detected, which corresponds to a
master equation (ME) unraveling in terms of the canonical jump operator describing
spontaneous decay. Formally, an alternative ME unraveling is possible in terms of a
shifted jump operator. We show that this shift can result in sub-Poissonian, Poissonian
or super-Poissonian quantum jump statistics. This is shown in terms of the Mandel
Q parameter in the limit of long counting times, which is computed through large
deviation theory. We present a waveguide-QED setup, comprising a chiral waveguide
coupled to a driven atom, where photon counting is described by the considered class
of shifted jump operators.
1. Introduction
A remarkable consequence of the wave function collapse is occurrence of quantum
trajectories [1, 2, 3, 4] when continuously monitoring the dynamics of small quantum
systems such as a single atom. These are stochastic dynamics that typically feature
quantum jumps: sudden changes of the system’s state occurring at unpredictable times.
As a major achievement of modern quantum technologies, addressing small quantum
systems is nowadays possible, which enables observation of quantum jumps and quantum
trajectories in the lab [5, 6].
A quantum trajectory corresponds to a specific sequence of measurement outcomes
on probes after that each probe has weakly and shortly interacted with the system
under study (weak measurements) [4]. Averaging over a large number of trajectories,
namely measurement outcomes, results in a deterministic evolution of the density matrix
governed by the celebrated Lindblad master equation (ME) [7]. Notably, the same ME
can be obtained from different detection schemes (unravelings) corresponding to different
types of weak measurements. Changing unraveling can deeply modify the nature of
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quantum trajectories, in particular the counting statistics of quantum jumps [1], which
is our focus in this work.
A paradigmatic process with non-trivial quantum-jump statistics is resonance
fluorescence, a phenomenon of central importance in quantum optics [8]: an atomic
transition is resonantly driven by a coherent drive, causing the atom to cycle between the
ground and excited states. When the atom is in the excited state, it may emit a photon
via spontaneous emission. Recording the emitted photon by a detector projects the atom
in the ground state, witnessing occurrence of a quantum jump. The resulting counting
statistics, where each count corresponds to a detected photon namely a quantum jump
on the atom, is known to be sub-Poissonian (showing the non-classical nature of the
light produced in this process) [1, 9]. This is essentially because, once the atom has
released a photon by jumping to the ground state, it needs some time before it get
excited again and emit a second photon. This gives rise to photon anti-bunching.
The standard quantum-trajectory description of resonance fluorescence is in terms
of an unraveling with jump operator Lˆ =
√
γ σˆ− with γ the spontaneous decay rate and
σˆ− the usual pseudo-spin ladder operator on the atom. This jump operator describes
a photodetector recording only photons emitted from the atom. In free space, this
is physically justified since the atom emits in all directions while the driving beam
propagates along a well-defined direction. Accordingly, superposition effects between
incoming and emitted light are negligible. However, assuming that the light produced by
spontaneous emission can be detected independently of the input signal is generally not
possible in one dimension (1D), i.e., when incoming and emitted photons are constrained
to propagate along the same direction. Such geometries can nowadays be implemented
in a variety of setups, which typically comprises (pseudo) atoms – even a single one
– efficiently coupled the 1D field of a waveguide [10, 11]. In these settings, currently
the focus of an emerging subfield of quantum optics called waveguide QED, dramatic
interference effects between emitted and input light can take place. This can for instance
lead to complete extinction of a propagating wave due to scattering from one artificial
atom [12].
A detector unable to distinguish between emitted and input photons has a
corresponding jump operator Lˆ =
√
γ σˆ−+iα, that is the usual jump operator accounting
for spontaneous decay but shifted by a c-number proportional to the amplitude of the
input coherent beam [4]. Shifted operators of this form appeared in recent works
investigating waveguide-QED setups [13, 14, 15]. Ref. [14], in particular, studied
quantum jump statistics in a two-way waveguide, in which case the above shifted jump
operator is required for counting transmitted photons.
Notably, on a merely formal ground, the standard resonance fluorescence ME
(corresponding to optical Bloch equations) can always be unraveled in terms of a shifted
jump operator, provided that the Rabi frequency entering the drive Hamiltonian is
suitably redefined [4]. While this shift obviously does not affect the unconditional
dynamics, one can expect the quantum jump statistics to change: providing evidence
of these changes is the goal of this paper. We specifically focus on the limit of long
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counting times, which enables prompt computation via large deviation theory [16] of
the scaled cumulant generating function, hence all the moments of the photon counting
distribution. We show that, depending on the parameters, the Mandel Q parameter
can take on positive or negative values or vanish, thus exhibiting signatures of super-
Poissonian, sub-Poissonian or Poissonian statistics. The considered unraveling with
shifted jump operator – which in free space does not correspond to realistic detection
schemes (at least in an obvious way) – is shown to describe the photon counting statistics
in a chiral waveguide coupled to an atom [17], which is driven at once by a classical field
(external to the waveguide) and a coherent beam travelling along the waveguide.
This paper is organized as follows. In Section 2, we briefly review basic notions of
quantum trajectories and counting statistics in the specific context of standard resonance
fluorescence. In Section 3, we introduce the unraveling in terms of a shifted jump
operator and discuss its implementation in a waveguide-QED setup. In Section 4, we
briefly review the large-deviation-theory approach to work out all the moments of the
photon counting distribution for long counting times. In Section 5, we investigate the
quantum jump statistics as a function of the jump operator shift by analyzing the
behavior of the Mandel Q parameter in some paradigmatic instances. Finally, we draw
our conclusions in Section 6 .
2. Quantum jump statistics in standard resonance fluorescence
Consider a two-level atom, with ground (excited) state |g〉 (|e〉) and associated ladder
operators σˆ− = σˆ
†
+ = |g〉〈e|, which is driven by a classical oscillating field with Rabi
frequency Ω and resonant with the atom. The atom is at the same time subject to
spontaneous emission with decay rate γ. In a frame rotating at the drive frequency, the
atomic state ρ evolves in time according to the Lindblad master equation (ME) [18, 19]
ρ˙ = −i [Hˆ, ρ] +D(Lˆ) ρ , (1)
(we set ~ = 1 throughout) with
D(Lˆ) ρ = Lˆ ρ Lˆ† − 1
2
(Lˆ†Lˆρ+ ρ Lˆ†Lˆ) , (2)
where the driving Hamiltonian Hˆ and jump operator Lˆ are respectively given by
Hˆ = Ω (σˆ+ + σˆ−) , Lˆ =
√
γ σˆ− . (3)
ME (1) can be ”unraveled” in terms of (3) by expressing its solution at time t as
ρt = Rtρ0 +
∞∑
K=1
∫ t
0
dtK · · ·
∫ t2
0
dt1Rt−tKJRtK−tK−1 · · · JRt2−t1JRt1ρ0 , (4)
where we defined the superoperators
Rt ρ = e
−i
(
Hˆ− i
2
Lˆ†Lˆ
)
t
ρ e
i
(
Hˆ− i
2
Lˆ†Lˆ
)
t
, J ρ = Lˆ ρ Lˆ† . (5)
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A specific photon counting experiment consists of a quantum trajectory during which
an emitted photon is recorded at times t1, t2, ..., tK . At these times, the atom undergoes
a quantum jump to the ground state. Between two next jumps, the atom evolves
according to the non-Hermitian Hamiltonian Hˆeff = Hˆ − i2Lˆ†Lˆ. The deterministic
(unconditional) dynamics described by ME (1) arises by averaging over a large number
of photon counting experiments.
The number of jumpsK in a trajectory is a random variable. The counting statistics
of jumps/photon counts is defined by the knowledge of Pt(K) for any K, where Pt(K)
is the probability to get K counts within the time window [0, t] with t the detector’s
counting time. Statistical moments are given by 〈Kn〉 = ∑∞K=0 Pt(K)Kn, with the first
and second moments in particular allowing to determine
k =
〈K〉
t
, Q =
〈K2〉 − 〈K〉2
〈K〉 − 1 , (6)
which are the average number of counts or activity and the Mandel Q parameter,
respectively. The latter is especially important since it provides informations about
correlations of emitted photons. When Q = 0, the counting statistics is Poissonian
[Pt(K) is a Poisson distribution] witnessing no correlations between emitted photons.
Instead, Q > 0 and Q < 0 respectively correspond to a super- and sub-Poissonian
statistics the latter having no classical counterpart. Occurrence of super-Poissonian
statistics typically occurs when photons tend to bunch together (photon bunching).
Sub-Poissonian statistics is instead a signature of photon anti-bunching, hence jumps
tend to occur at well-separate times [20].
In the limit of long counting times, t→∞, the activity and Mandel parameter for
unraveling (8) are respectively given by [9] k = 4γΩ2/(8Ω2+γ2) and
Q = − 24γ
2Ω2
(8Ω2 + γ2)2
. (7)
Function Q is always negative indicating occurrence of sub-Poissonian statistics and
photon anti-bunching of the emitted light.
3. Shifted-jump-operator unraveling and physical implementation
As is well-known, there are infinite sets of effective Hamiltonian and jump operators in
terms of which a given ME can be expressed. Each set defines a ME unraveling and
generally gives rise to a different statistics of quantum jumps.
A class of unravelings for the resonance fluorescence ME (3) is defined by
Hˆ =
(
Ω− 1
2
√
γ α
)
σˆ+ + H.c. , Lˆ =
√
γ σˆ− + iα , (8)
where α is complex (there is only one jump operator). This is a special case of the
general property [4] according to which any Lindblad ME (1) ρ˙ = −i[Hˆ, ρ]+∑ν D(Lˆν) ρ
is invariant under the transformation Lˆν → Lˆν + χν , Hˆ → Hˆ − i2
∑
ν(χ
∗
νLˆν − H.c.) for
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Figure 1. Waveguide-QED setup to implement unraveling (8) with shifted jump
operator. A two-level atom is coupled to a chiral waveguide, sustaining a one-
dimensional field that propagates in one direction only. The atom is driven by two
continuous-wave coherent beams: one with Rabi frequency Ω−√γ α propagating out
of the waveguide and another one of amplitude α traveling along of the waveguide.
Photons are counted at one end of the waveguide: the detector senses light emitted
from the atom superposed with the coherent wave α.
an arbitrary set of complex numbers {χν}, which can be easily checked. The ME
unraveling (8) consists in applying a c-number shift to the jump operator, which leaves
ME (3) invariant provided that the Rabi frequency in the Hamiltonian term is corrected
as Ω→ Ω− 1
2
√
γ α. Shifted jump operators appeared for instance in Refs. [13, 14, 15, 21].
Note that the replacement
√
γ σˆ− → √γ σˆ−+ iα tends to smooth out the effect of jumps
in the sense that, when α is large, a jump acts trivially on the system leaving its state
unchanged (after normalization).
We illustrate next a setup where photon counting statistics is described by
unraveling (8). To this aim, consider first a chiral waveguide (enabling light propagation
only in one direction) side-coupled with strength
√
γ to a two-level atom under the
rotating wave approximation (the waveguide has linear dispersion law). The setting is
sketched in Fig. 1. A coherent, continuous-wave beam of amplitude α resonant with
the atom is injected at one end of the waveguide and scatters from the emitter. Note
that there is no back-scattered light since the waveguide is chiral. Photons are counted
at a detector placed beyond the atom. Applying input-output formalism, the output
field sensed by the detector is given by aˆout(t) = −i√γ σˆ−(t) + α [4], indicating that
it results from the coherent superposition of the incoming coherent beam and emitted
light. Accordingly, the jump operator describing photon detection coincides with Lˆ in
Eq. (8) in a way that the corresponding unraveling is defined by [14]
Hˆ = 1
2
√
γ α σˆ+ + H.c. , Lˆ =
√
γ σˆ− + iα , (9)
where we absorbed a 1/
√
2pi factor into the definition of α. Note that, in light of the
ME invariance property discussed above, (9) gives rise to same unconditional dynamics
one would get with Hˆ =
√
γ α σˆ+ + H.c. and Lˆ =
√
γ σˆ−
Consider now the more general case that, in addition to the coherent beam along the
waveguide, a second classical drive (external to the waveguide) is applied on the atom as
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shown in Fig. 1. If this extra drive has Rabi frequency Ω−√γα, then the Hamiltonian
in (9) acquires an additional term (Ω − √γα)σˆ+ + H.c. while the jump operator is
unaffected. This yields precisely unraveling (8). In practice, as suggested by Fig. 1,
the classical drive is embodied by a second coherent beam involving electromagnetic
modes not supported by the waveguide (atomic leakage into these modes is assumed to
be negligible). Note that emitted light superposes only with the input beam traveling
along the waveguide (before being recorded at the detector).
The setup in Fig. 1 is similar to one recently investigated in Ref. [22] (see Fig. 4
therein), which however focused on an external drive with finite duration.
4. Photon counting statistics via large deviation theory
In the limit of long counting times of concern here, the full counting statistics of quantum
jumps can be worked out without the need for Monte Carlo simulations by resorting to
large deviation theory (LDT) [23]. This statistical mechanics tool has been adapted to
quantum trajectories in recent years [16, 24] and used in some quantum optics problems
[25, 26, 27, 28].
The discrete probability distribution Pt(K) can be equivalently represented through
the associated moment-generating function
Zt(s) = 〈e−sK〉 =
∞∑
K=0
Pt(K) e
−sK , (10)
where, unlike K, s is a continuous variable that can take values over the entire real
axis. When the detector’s counting time t is long enough, Zt(s) takes the (so called)
large-deviation form
Zt(s) ∼ etθ(s) for long t , (11)
where θ(s) = limt→∞(1/t) lnZt(s) is the scaled cumulant generating function (SCGF),
at times referred to in the literature as LD function. Note that θ(0) = 0 since Zt(0) =∑
K Pt(K)=1. The knowledge of the SCGF allows to work out all the cumulants, hence
all the moments, of the counting distribution Pt(K) through derivatives of θ(s) at s=0.
In particular, the activity and Mandel Q parameter (cf. equation (6)) are given by
k = − θ′(0) , Q = −θ
′′(0)
θ′(0)
− 1 (12)
It can be shown [16] that, for an unraveling defined by Hamiltonian Hˆ and a jump
operators Lˆ (cf. Eq. (1)), θ(s) is the largest real eigenvalue of the superoperator
Ws(ρ) = −i[Hˆ, ρ] + e−sLˆ ρ Lˆ† − 12 (Lˆ†Lˆρ+ ρ Lˆ†Lˆ) , (13)
which for s = 0 reduces to the canonical Lindblad-ME generator (right-hand side of
equation (1)). Thus, when the dimension of the open system is small as in the present
case of a two-level atom, the counting statistics can in fact be worked out by solving
a simple eigenvalue problem. Clearly, turning the standard jump operator Lˆ =
√
γ σˆ−
into the shifted one (see Eq. (8)) affects (13) in a non-trivial way.
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4.1. Typical and rare trajectories
One can define biased photocount probabilities as
P
(s)
t (K) =
Pt(K)e
−sK
Zt(s)
, (14)
such that Pt(K)=P
(s=0)
t (K), and correspondingly biased moments 〈Kn〉s=
∑
K K
nP
(s)
t (K).
Accordingly, the biased activity and Mandel parameter are
k(s) = 〈K〉s/t , Q(s) = (〈K2〉s − 〈K〉2s)/〈K〉s − 1 , (15)
which reduce to (6) for s = 0. It turns out that biased activity and Mandel parameter
are related to the SCGF as
k(s) = − θ′(s) , Q(s) = −θ
′′(s)
θ′(s)
− 1 , (16)
which naturally extends (12) to the entire s-axis. One can see that k(s) < k(0) for s > 0,
while k(s) > k(0) for s < 0. Based on the above, the point s = 0 corresponds to typical
quantum trajectories, while non-zero values of s to atypical trajectories. Trajectories
for s > 0 and s < 0 are, respectively, less and more active than typical (since k(s) is
respectively lower and higher than k(0)) [16].
5. Mandel Q parameter for shifted jump operator
In Fig. 2 we set γ = 1 and show the behavior of the s-dependent Mandel Q parameter
(16) as a function of α for Ω = 0.1 (a), Ω = 0.25 (b), Ω = 1 (c) and Ω = 5 (d). For α = 0
(standard unraveling), Q generally grows with s, passing from negative values (sub-
Poissonian statistics) to zero (Poissonian). In particular, Q(0) (the canonical Mandel
parameter for typical trajectories) is always negative and asymptotically approaches
zero for growing Rabi frequency Ω in agreement with Eq. (7).
For α 6= 0, i.e., under the shift of the jump operator (cf. Eq. (8)), the statistics
is significantly affected and shows a rich behavior including occurrence of positive Q’s
(super-Poissonian statistics). Note in particular that, for the considered values of Ω,
Q(0) can be negative, positive or vanish by tuning α. For each set Ω, Q(s) = 0 identically
for α = Ω/
√
γ (horizontal white line marked with a little arrow on each panel). Above
and below this line, different behaviors occur.
Above the α=Ω/
√
γ line, in the case of Figs. 2(a) and (b), Q(s) takes a
positive (super-Poissonian) maximum followed by a negative (sub-Poissonian) minimum,
exhibiting a steep drop in the passage from positive to negative values, witnessed by
the occurrence of a sharp white curve. This curve bends so as to become asymptotically
parallel, for s large enough, to the α = Ω/
√
γ line. Hence, above the latter a super-
Poissonian ”band” arises. In the case of Figs. 2(c) and (d), a somewhat similar behavior
occurs but at farther values from s = 0, and the sharp super-Poissonian band is no
longer present unless s is very large.
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<latexit sha1_base64="8r6dWOvdyfgmPOHEanDSQrmgcis=">AA AB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr 6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6J e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1K tlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacP KZY/gD5/MH3/OM+w==</latexit>
(c)                                                                (d) 
  
 
 
Figure 2. Mandel Q parameter Q(s) as a function of α for Ω = 0.1 (a), Ω = 0.25
(b), Ω = 1 (c) and Ω = 5 (d) (we set γ = 1). Each curve was obtained through a
mesh of the s-axis and numerical diagonalization of (13), from which θ(s) was inferred
by selecting the largest eigenvalue. The s-dependent Mandel Q parameter Q(s) was
determined using Eqs. (16) after applying the finite difference method to compute the
derivatives of θ(s).
Below the α=Ω/
√
γ line, a region of predominantly sub-Poissonian statistics
appears (see Figs. 2(a)-(d)), which becomes more and more Poissonian for large Ω’s
(see Fig. 2(d)). Below this sub-Poissonian region, a behavior occurs that consists in
a sharp transition from sub-Poissonian to super-Poissonian statistics as s grows from
negative to positive values. The transition sharpness is witnessed by a white curve of
Poissonian statistics clearly visible on each panel.
We in particular highlight the outcomes in Fig. 2(b) corresponding to Ω = γ/4.
Here, in addition to α = Ω/
√
γ where as discussed Q(s)=0 identically, another s-
independent behavior occurs for α = 0 in which case Q(s)=− 2/3, which retrieves what
was found in Refs. [16, 24] for standard unraveling. Also, note that large portions of
the two Poissonian curves (along which Q(s) vanishes) run very close to s = 0 resulting
in two crossovers. Indeed, for α & γ, a pronounced crossover from super-Poissonian to
sub-Poissonian statistics occurs when passing from trajectories more active than typical
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(s < 0) to less active ones (s > 0). For α . −γ, another crossover takes place but now
from sub-Poissonian to super-Poissonian statistics.
The Poissonian white horizontal line in each panel can be explained by referring to
Fig. 1 as follows. Indeed, for α = Ω/
√
γ, the external drive amplitude Ω−√γ α vanishes
leaving the atom exposed only to the coherent beam traveling along the waveguide
(thereby in this case (8) coincides with (9)). Since the waveguide is chiral and we work
in the limit of infinite counting time, in each trajectory the number of photons injected
into the waveguide exactly matches the number of photons detected at the waveguide’s
end (see Fig. 1). Since the incoming photons are Poisson-distributed (the beam is a
coherent state), so will be the detected ones. Accordingly, the Mandel Q parameter
identically vanishes. This is generally no longer the case when the external drive is
also present (α 6= Ω/√γ): photons from the external beam that are not absorbed by
the atom cannot reach the detector. In this case, the detector counts photons emitted
by the atom - which alone would give rise to sub-Poissonian statistics - coherently
superposed with Poisson-distributed photons of the beam traveling along the waveguide.
The resulting interference yields the complex behavior in Fig. 2, including occurrence
of super-Poissonian counting statistics in some regions of the parameters space.
6. Conclusions
In summary, we presented a study of the effects of a shifted-jump unravelling on the
photon counting statistics in resonance fluorescence. The standard unraveling assumes
that only light emitted from the atom is detected, the corresponding jump operator
thus being proportional to the usual annihilation spin ladder operator. In a waveguide
geometry, this may not be the case so that the jump operator can feature a c-number
shift. For fixed Rabi frequency Ω, this shift does not change the unconditional dynamics
of the atom (master equation) but quantum trajectories are generally affected in a non-
trivial way. We have shown this by focusing on the counting statistics of quantum
jumps in the limit of infinite counting time. This limit allows to compute quickly all
the moments of the photon counting distribution using large deviation theory. We
in particular explored the effect of the jump-operator shift on the behavior of the
s-dependent Mandel Q parameter (with s the continuous variable conjugated to the
number of photon counts). This was shown to exhibit a rich behavior, including
occurrence of all the three statistics (sub- and super-Poissonian and Poissonian) as
opposed to the well-known sub-Poissonian statistics characteristic of standard resonance
fluorescence. While the jump-operator shift can be conceived formally as a well-defined
alternative unraveling of the standard resonance fluorescence master equation, in free
space it does not correspond to realistic detection schemes. We thus illustrated a
waveguide-geometry setup where it naturally describes photon counting experiments.
This comprises a chiral waveguide side-coupled to an atom driven at once by a coherent
beam propagating along the waveguide and one external to it. This implementation
helps interpreting the counting statistics as the result of non-trivial interference between
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sub-Poissonian-distributed light emitted from the atom and Poissonian light from the
beam traveling along the waveguide.
The material presented in this short paper should be intended as a preliminary
investigation of photon counting statistics in waveguide geometries featuring emitters
driven at once by drives propagating along different directions. Further insight into
the observed behaviors, for instance to clarify the physical origin of the second zero of
Q(0) as a function of α in Figs. 2(a)-(d), requires a more detailed analysis in terms of
quantities such as the second-order correlation function or the waiting time distribution
that will appear elsewhere.
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